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Exact dynamics of moments and correlation functions for
fermionic Poisson-type GKSL equations
Iu.A. Nosal1, A.E. Teretenkov2
Gorini-Kossakowski-Sudarshan-Lindblad equation of Poisson-type for the density matrix is considered. The
Poisson jumps are assumed to be unitary operators with generators, which are quadratic in fermionic creation and
annihilation operators. The explicit dynamics of the density matrix moments and Markovian multi-time ordered
correlation functions is obtained.
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1 Introduction
In this work we obtain both the fermionic analog of results of [1] and new result on multi-time
ordered Markovian correlation functions. The latter one is also important due to modern interest
to non-Markovian effects which manifest themselves only on the level of multi-time Markovian
correlation functions rather than master equations [2]. As in [1] we consider the equation for the
density matrix
d
dt
ρt = L(ρt), L(ρ) =
K∑
k=1
λk(UkρU
†
k − ρ), λk > 0, (1)
where Uk are unitary . Let us also note that the generator L has the Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) form [3, 4]
L(ρ) =
K∑
k=1
(
LkρtL
†
k −
1
2
L
†
kLkρ−
1
2
ρL
†
kLk
)
,
where Lk =
√
λkUk.
In our case Uk are exponential of quadratic forms in fermionic creation and annihilation op-
erators in the finite-dimensional Hilbert space. Such generators naturally arise in the case of
averaging with respect to classical Poisson processes with intensities λk and unitary jumps Uk [5],
so we call them Poisson-type generators. For the infinite-dimensional Hilbert space such genera-
tors were discussed in [6, 7]. Let us note that Poisson processes and the correspondent quantum
Markov equations arise in physical applications [8, 9, 10, 11]. Unitary evolution with the fermionic
quadratic generators mentioned above was discussed in [12, 13, 14]. Its bosonic counterpart was
discussed in [12, 13, 15, 16, 17, 18, 19, 20].
Now let us specify the exact mathematical formulation of our problem and main results. We
use the notation which is similar to [23, 24]. We consider the finite-dimensional Hilbert space C2
n
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In such a space one could (see [26, p. 407] for explicit formulae) define n-pairs of fermionic cre-
ation and annihilation operators satisfying canonical anticommutation relations (CARs): {cˆ†i , cˆj} =
δij , {cˆi, cˆj} = 0. Let us define the 2n-dimensional vector c = (cˆ1, . . . , cˆn, cˆ†1, . . . , cˆ†n)T of creation and
annihilaiton operators. The quadratic forms in such operators we denote by cTKc, K ∈ C2n×2n.
Define the 2n× 2n-dimensional matrix
E =
(
0 In
In 0
)
,
where In is the identity matrix from C
n×n. Then CARs take the form {fT c, cTg} = fTEg, f, g ∈
C2n. We also define the ∼-conjugation of matrices by the formula
K˜ = EKE, K ∈ C2n×2n,
where the overline is an (elementwise) complex conjugation.
Theorem 1. Let the density matrix ρt satisfy Eq. (1), where the unitary operators Uk, k =
1, . . . , K, are defined by the formulae Uk = e
− i
2
c
THkc, Hk = −HTk = −H˜k ∈ C2n×2n, then
1) Dynamics of the moments has the form
〈⊗Mm=1c〉t = e
∑K
k=1 λk(⊗
M
m=1Ok−I(2n)M )t〈⊗Mm=1c〉0, Ok = e−iEHk , (2)
where the average is defined by the formula 〈⊗Mm=1c〉t ≡ tr (ρt⊗Mm=1 c), I(2n)m is the identity matrix
in C2n ⊗ · · · ⊗ C2n = C(2n)m .
2) If we denote LM,m =
∑K
k=1 λk(⊗mr=1Ok − I(2n)m) ⊗ I(2n)M−m for m = 1, . . . ,M , then the
dynamics the Markovian multi-time ordered correlation functions has the form
〈c(tM)⊗ . . .⊗ c(t1)〉 = eLM,1(tM−tM−1) . . . eLM,M t1〈⊗Mm=1c〉0, (3)
where tM > . . . > t1 > 0 and the tensor 〈c(tM)⊗ . . .⊗ c(t1)〉 is defined by its elements
〈cjM (tM) . . . cj1(t1)〉 ≡ tr(cjMeL(tM−tM−1) . . . cj2eL(t2−t1)cj1eLt1ρ0), (4)
where jm = 1, . . . , 2n, for all m = 1, . . . ,M .
In definition (3) for the Markovian multi-time ordered correlation functions we follow [2].
In particular, for the first and second moments we have
〈c〉t = e
∑K
k=1 λk(Ok−I2n)t〈c〉0, 〈c⊗ c〉t = e
∑K
k=1 λk(Ok⊗Ok−I4n2 )t〈c⊗ c〉0
and for two-time correlation functions we have
〈c(t2)c(t1)〉 = eL2,1(t2−t1)eL2,2t1〈c⊗ c〉0.
2
Notr that 〈c(t)c(t)〉 = eL2,2t〈c⊗ c〉0 = e
∑K
k=1 λk(Ok⊗Ok−I4n2 )t〈c⊗ c〉0 = 〈c⊗ c〉t.
2 Dynamics in Heisenberg picture
In this section we prove Th. 1. The main idea consists in transfer to the Heisenberg picture.
To do it let us calculate the conjugate generator L∗ defined by the relation
tr XˆL(ρ) = trL∗(Xˆ)ρ, (5)
for arbitrary matrices ρ,X ∈ C2n×2n. We need lemma 1 from [23] in the case when A = iH , B = 0,
which takes the following form.
Lemma 1. Let H = −HT ∈ C2n×2n, then e i2 cTHcce− i2 cTHc = Oc, where O = e−iEH .
Let us note that in accordance with lemma 4 from [23], if H˜ = −H , then the matrix 1
2
c
THc is
self-adjoint. Thus, the operators Uk defined in Th. 1 are unitary indeed.
Lemma 2. Let L be defined by (1) with Uk = e− i2 cTHkc, Hk = H˜k ∈ C2n×2n, and L∗ be defined by
formula (5), then
L∗(⊗Mm=1c) =
K∑
k=1
λk(⊗Mm=1Ok − I(2n)M )⊗Mm=1 c, Ok = e−iEHk .
Proof. By the cyclic property of trace we have tr Xˆ(UkρU
†
k − ρ) = tr(U †kXˆUk − Xˆ)ρ. Hence, by
Eq. (5) we obtain
L∗(Xˆ) =
K∑
k=1
λk(U
†
kXˆUk − Xˆ).
Taking the elements of the tensor ⊗Mm=1c as Xˆ we obtain
L∗(⊗Mm=1c) =
K∑
k=1
λk(U
†
k(⊗Mm=1c)Uk −⊗Mm=1c) =
K∑
k=1
λk(⊗Mm=1(U †kcUk)−⊗Mm=1c).
By lemma 1, we have U †kcUk = e
i
2
c
THkc
ce−
i
2
c
THkc = e−iEHkc = Okc. Thus, we obtain
L∗(⊗Mm=1c) =
K∑
k=1
λk(⊗Mm=1(Okc)−⊗Mm=1c) =
K∑
k=1
λk(⊗Mm=1Ok − I(2n)M )⊗Mm=1 c.
Proof of Th. 1.
1) Taking into account lemma 2 we obtain the Heisenberg evolution of the operators ⊗Mm=1c in
the following explicit form.
eL
∗t(⊗Mm=1c) = e
∑K
k=1 λk(⊗
M
m=1Ok−I(2n)M )t ⊗Mm=1 c (6)
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Then taking into account the definition of the average from the statement of Th. 1 we have
〈⊗Mm=1c〉t ≡ tr (⊗Mm=1cρt) = tr (⊗Mm=1ceLt(ρ0)) = tr (eL
∗t(⊗Mm=1c)ρ0) =
= e
∑K
k=1 λk(⊗
M
m=1Ok−I(2n)M )ttr (⊗Mm=1cρ0) = e
∑K
k=1 λk(⊗
M
m=1Ok−I(2n)M )t〈⊗Mm=1c〉0
Thus, we obtain (2).
2) As for the moments let us turn to Heisenberg evolution operators in definition (4)
tr(cjMe
L(tM−tM−1) . . . cj2e
L(t2−t1)
cj1e
Lt1ρ0) = tr ρ0e
L∗t1((eL
∗(t2−t1)((. . . eL
∗(tM−tM−1)
cjM . . .)cj2))cj1).
By formula (6) taking into account the definition of L1,1 we have
eL
∗(tM−tM−1)
cjM = (e
L1,1(tM−tM−1)
c)jM ,
then
eL
∗(tM−1−tM−2)((eL
∗(tM−tM−1)
cjM )cjM−1) = e
L∗(tM−1−tM−2)((eL1,1(tM−tM−1)c)jM cjM−1) =
= eL
∗(tM−1−tM−2)((eL1,1(tM−tM−1)c)⊗ c)jMjM−1 = eL
∗(tM−1−tM−2)(eL2,1(tM−tM−1)c⊗ c)jM jM−1 =
= (eL2,1(tM−tM−1)eL
∗(tM−1−tM−2)(c⊗ c))jMjM−1 = (eL2,1(tM−tM−1)eL2,2(tM−1−tM−2)c⊗ c)jM jM−1
Analogously we have
eL
∗t1((eL
∗(t2−t1)((. . . eL
∗(tM−tM−1)
cjM . . .)cj2))cj1) = e
LM,1(tM−tM−1) . . . eLM,M t1 ⊗Mm=1 c
By averaging with respect to the initial state ρ0 we obtain (3).
3 Conclusions
In this work we have considered evolution for the density matrix in accordance with GKSL
equation (1). In part 1) of Th. 1 we have obtained the fermionic analog to Th. 1 from [1]. We
have also obtained multi-time ordered Markovian correlation functions, which is a generalization
of single-time formula (2) to the multi-time case. This is important due to the modern discussion
of quantum Markovianity which necessarily (according to [2]) leads to the very special form (4)
for multi-time ordered correlation in addition to the GKSL from of the master equations. The
explicit expression for these correlation functions in our case is presented in part 2) of Th. 1.
The study of Markovian and non-Markovian effects are important now due to rising interest to
the open quantum systems, the range of approaches to which is becoming wider and wider now
[27, 28, 29, 30, 31]. A possible direction of future development consists in calculation of more
general multi-time observables, e.g. unordered correlation functions in 2D echo-spectroscopy [32].
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